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Multivariate Polynomials & Sparse Grids

In UQ, polynomial methods are often used to construct surrogates of (stochastic)
parameter dependent quantities of interest (QOIs). These surrogates can be used to
cheaply estimate statistics of the QOIs that are potentially expensive to evaluate.

QOIs may depend on multiple parameters, so we need multivariate polynomial
approximations.

How do we construct multivariate polynomial approzimations? When are they ap-
propriate? When do they fail?

Multivariate polynomial approximations suffer from the so-called curse of dimen-
stonality, i.e. the work required to construct the approximation grows exponentially
with the number of parameters (the dimension).

We can use sparse grid collocation to alleviate (not eliminate) the curse of dimen-
sionality.

Goals for class

See the connection between tensor product pseudospectral and tensor product spec-
tral collocation.

Understand difficulty in multivariate approximation with a total order basis.

Understand the construction of sparse grid collocation.

Notation & Definitions

Multi-index i = (iy, .. .,44) € N&.

Multi-index sets Z. Examples: total order {¢ : i; 4+ -+ 4+ iq < n}, tensor product

{i : ip < ny} for a given multi-index n = (nq,...,nq).

Multivariate orthogonal polynomial 7;(s) = m; (s1) - --m;,(sq), where each ;, (si)

is a univariate orthogonal polynomial.

Multivariate quadrature point A; = (i, ..., \;,), where each \;, is from a univari-

ate quadrature rule.
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e Multivariate quadrature weight v; = Hle v;,, where v;, is the weight corresponding

to A;, from the univariate quadrature rule.



